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A) VIBRATIONAL STRUCTURE
IN ELECTRONIC SPECTRA

A.1) The Born-Oppenheimer approximation

[1]
Schrodinger equation for coupled electronic and nuclear
motions:

H=H,+ 1Tk
Hy=T,+U(x,Q)
Hepn(z, Q) = Vo(Q)¢n(z, Q) (assume solved)
HVY(x,Q) = FEV¥(x,Q)
me )P, Q)

Tk + Va(Q) — Elxn(Q) = 2 AnmXm(Q)

2 ES
Nom = 2 hﬁz J dnggb;(aa(g’Z)a%Z — [ @2y (Tx )

x and () denote the sets of electronic and nuclear coor-
dinates, respectively. Correspondingly ¢ and y stands
for the electronic and nuclear wave functions.




Derivation of the coupled equations

For simplicity, put

R 0*
= orage

Z (Ter + U + Tk ) Xxm(Q)Pm(x, Q) = Z Exm(Q)om(x, Q)

m

S Vil @) + T X (@6, Q) = 3 Exun( Q) Q)

m

> A{ValQ) = B+ Tx] xu(Q)} ¢l Q) =

25 (5) (%) Trme

/¢*d3N - (Vo +Tx — E) xp =

a¢maXm 3N,
/ R N




So far still formally exact. Approximation: put

Ny =0

= [Tk + Va(Q) — Elxn(Q) = 0 .

It follows:

e (Electronic) eigenvalues, V,(Q), of a given
state correspond to the potential energy hy-
persurface for the nuclear motion.

e Total molecular wavetfunction becomes a prod-
uct of a nuclear and electronic wave function:

V(z, Q) = Xn(Q)¢u(z, Q)
e Valid, e.g., when ¢, (x, Q) =~ ¢,(x — Q).

e BO approximation!

Electrons follow the nuclear motion instantaneously (adi-
abatic), due to the large ratio between nuclear and elec-
tronic masses (i.e. the large effective mass of a nucleus
compared to that of an electron M; > my;).
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Simple estimates for hierarchy of energy scales

h2 K2 h?
Eelec ~< Te > ﬂ ~ 0
m md

with d ~ molecular dimension

f aQEelec Eelec
Eo, ~ h\/— mit  f ~ oz

— Emb \/ d4 \/ md2 \/ elec

Eelec

m
Ero ~ < Tro >~ — —
t t 1 Md2 M

— Er ot < Em'b < Eelec

Larger electronic energy scale, shorter time scale of the
oscillations (for non-stationary states).

4

Similar to classical picture; fast readjustment of elec-
trons to nuclear changes.
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Analogous for relative nuclear displacements

. and for nonadiabatic coupling elements

< Ny > - 82> h2 8><8>_
nm M aRQ elec T M 8R elec 8R vib
h? h? Mw 9,
~ _k2 _ke ec > i
M elec_l_ M [ aQ b
o K[V
Md?  Md h
m h2 4 hQ
~ _Ee ec
AT i\ iR
m h2 m%
~ _Ee ec T
M Mid2mimi
3
m m\ 1
~ _Ee ec (_) Ee ec
7 el + i l

E,ot = Term(9?/OR?) < Term(90/OR) < Eyi

Kk K K3 K2 X B,



Hellmann-Feynman relation

Re-writing the non-adiabatic (derivative) coupling terms:

aHel a¢n(ﬂf, Q) .
an ¢n< L, Q) el an —
V,(Q) O¢n(, Q)

Multiplying from the left by ¢; and integrating over
the electronic coordinates, x, leads to:

(On(QI G162 + V@ (0 QIT2E, -

~ n QI L6, + V(@ on( I ZZEE,

nmm GlQI @) - T

n # m:

/ Vg (a¢n> S #an(z Q) (5) on:
av Vi@ Val@

In the vicinity of a degeneracy the derivative couplings
can diverge and the adiabatic approximation is expected
to break down!



Harmonic oscillator and its eigenfunctions

The Hamiltonian of a quantum harmonic oscillator is
given by

Using the relationship between dimensioned (7) and di-
mensionless coordinates (@),

_ W .. _ /!
Q=5 T; w—\/;

we get

> h w 9*
H:T(—WwLQ?)

The eigenfunctions of the harmonic oscillator involve
the well-known Hermite polynomials and read as

Q2

(@) = {Vanl 2377 % H,(Q)

The first Hermite polynomials, H,,(Q), are
HyQ) =1, Hi(Q)=20Q, H(Q)=4Q -2

Remember symmetry:

H,(-Q) = (=1)"H,(Q)
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The multidimensional harmonic oscillator

hw: [ O
H:ZH’:Z > ( 902 Q)

From [H;, H;] =0 (for all ¢, < M(=3N —6)) =

Multidimensional eigenfunction = is product function:

uvl v9,. <Q17 < QM) — Xy (Ql) Xv9 <Q2> < Xoy (QM)

The individual eigenfunctions are well known and read
as

o (Q) = {7 vl 20} e @2 H,(Q)

The first Hermite polynomials H, are

Ho(Q) =1, Hi(Q)=20Q, HyQ)=1Q* -2

Meaning of the coordinate (): displacement as mea-
sured in units of the zero-point amplitude, i. e.,

Xo(1) = 6_1/2X0(0).
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A.2) The Franck-Condon principle

Consider the transition between different electronic
states, particularly, a transition from the electronic ground

state , GS, to one of the excited states, ES (optical, UV-
absorption).

The transition probability follows from first order time-
dependent perturbation theory;

I(wpn) ~ D KWe|Hi|U1)?6(Er — Er — fwp)
F

where Uy and Up are eigenfunctions of Hj (isolated
molecule) and correspond to the initial and final states
during a transition.

Interaction between the molecule and radiation field in
the dipole approximation:

Hy(t) ~ — Z e(€:7) Eo(?)

J=1

In contrast to the IR-spectrum the summation index, j,
runs only over electronic coordinates (orthogonality of
the electronic wave functions).

Within the Born-Oppenheimer approximation the wave
functions are written in a product form:

Uy =adixo;, VYr=090rX,
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with
(Tk + ‘/z — EU)XU =0

(Tk -+ Vf — EU/>)~(U/ =0
Note that x, and x, are vibrational functions of differ-
ent potential energy curves.
Evaluate the matrix elements in the Born-Oppenheimer
approximation;

/‘1’?(%@)}11%(1:,@)6{3%(1@ _
= [ @ [ e @mmote e i@

The integral T7(Q) = [ ¢3(x, Q) H1¢(w, Q)dx is called
the electronic transition moment or dipole-transition-
(matrix) element. It replaces the dipole moments (=di-
agonal matrix elements) evaluated in [R~spectroscopy.
Therefore, one can write the matrix elements as follows:
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[ vittvidndQ = [ A@TH@n@dQ

The transition moment depends on () only through the
electronic wave function. If the transition moment de-
pends sufliciently weakly on (), one can write;

Tr(Q) = Ty(Q = 0)

with an appropriate reference geometry, () = 0. It is
natural to choose (mostly) the reference geometry to be
the equilibrium geometry of the molecule in the initial
state:

Condon approximation or Franck-Condon principle.

In the Condon approximation:

/\If}Hl\P]dﬁdQ = Tf@<Q = O)SU/U

with SU/U = f)ZZ’(Q)XU<Q>dQ

S, . and its square are Franck-Condon overlap integral
and Franck-Condon factor, respectively (see also [2]).
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N I(w)

The spectrum follows immediately:

() ~ [TH(Q = O 511, [P5(E,y — By — oy

The relative intensities are determined only through vi-
brational wave functions, electronic wave functions play
almost no role.

Principle of vertical transitions !
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A.3) Shifted harmonic oscillator

Important special case: harmonic potentials with the
same curvature (force constant).

Define () as the dimensionless normal coordinate of ini-
tial state (mostly, electronic ground state).

Vi@Q)=%Q°  (h=1)

With the same curvature (force constant) for V(Q), we
have

VAQ) = Vi(Q = 0) + %QQ +kQ

. oV
with k = (8—5) L, VHQ=0=V;

The linear coupling leads to a shift in the equilibrium
geometry and a stabilization energy along the distortion
(see next Fig).

The oscillator can be easily solved by adding the quadratic
terms (completing the square);

2
Vf<Q>:%+%<Q+§) _K

2w

_ B w2
_Vb 2w+2Q

T 7

Stokes-shift ; New normal coordinate
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Vi = Vo /

0

Note: G ~ 20 —> same eigenfunctions =

h k G H(Qk/w)?
Sv’v = NU/NU dQHU/ Q+ — HU(Q)B 2e 2
oo W

We restrict ourselves to the special case where v = 0.
By substituting Q =Q+rkand k = k/w, one can
easily obtain:

SUlO — NU/NO/

—o0

©.¢)

10, (@) o4

There are several possibilities to evaluate these inte-
grals, such as the method of generating functions (see
exercises) or operator algebra (occupation number rep-
resentation of harmonic oscillator).



Derivation of Poisson Distribution

Start from

S / = /N()/ dQ/HU/ (Q/) e_Q/2€/fQ 6_%

(0,0)

and supplementary sheet on Hermite polynomials, item
2. Use A=k/2, 2=Q —Q, v —v

= S0 = N,N, / dQH, (

—0

N, = {Vr vl 2} 7]

9 > /{/2)” )
_ NUN K /4 < vn
LD D N,N,

— e/ —<K/2)U V2!

3l

‘SUO’Q 2/2) e /2

—

Poisson Intensity Distribution
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Summary of the shifted harmonic oscillator

v

P(E,,) = Z %e_a(S(Eph — Vo + aw — vw)

where a = k%/2 = k*/(2w?)

Sum rule:

g 1Spol? = e g |
!
(%

Mean quantum number:

The parameter a is a measure of the vibrational excita-
tion in an electronic transition.
aw is the mean vibrational energy during the transition

( = Stokes-shift k2 /(2w))

For a — 0 we have [S,0|*> — 0,0, which means no
excitation (potential curves V; and Vy are identical).
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Poisson distributions for various values

of the parameter a

a=0.5
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Intensity ratio: |Sy11.0/Svo|* = = -5

Mean energy (center of gravity or centroid):

D — [ EP(E)dE
=> (Vo — aw + vw)%—l;e_“

:%—aw+wzvv%6_“
:V()—anerU(U“fvl)!e_“:VO

Energetic width:
(AE=(E—EQ?=E>—E2
= Z ( )2 2%16 ¢
=> {v(v—1)+v —2av + a2}w2%—1;e_“
=3 wQ(U‘iUQ)!e_“ + (a — 2a* + a*)w?

k

Width is defined through the gradient of the final state,V¢(Q),
at @@ = 0 (because of the finite extension of x((Q)).
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TESTS FUR PoiSSON- VERTEILUNG
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Cederbaum, Domeke 7. Chem. Phys. €0,2038('24)




IIl. MOLECULAR ORBITAL DRAWINGS

16. Nitrogen

Symmetry:

ammm

20, E=-0.7137

22

79

Deoh
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PolSSoN : ;31’15 A
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15. Carbon Monexide

WILLIAM L. JORGENSEN AND LIONEL SALEM

Symmetry: Coov

SEeeT z

1T E=-0.63%95

30 E=-1.5210
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Novmalmoden eines (Symm. plon.) XYZ, - Molekirls

2 3

(Freq. fur H,CO)

Symm. C-H S{ZVechmoa(e
w, = 2%y |

C-0 Stveckmode
w, = T+Ct cmr”

H-C-H Winkelschw.

-1

w5: 45'(3 cm

orsymm. C-H $Shckmode

w? = 3003 Cm-d

”C- C W{hlugsc}ﬂw. ¥
we = 1295 i

Nl'clﬂ‘l:p‘,qrmve Dcfovrnaéia -

mod§g
we = MIT em
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Two-dimensional shifted harmonic oscillator

Vi(Q1,Q2) = Z %Q; (h=1)

=12
W
Vi(Qu Q) = Vi(Q=0)+ ) (5Q] + kQ))
=12
~ k2 k3
Eyiv, — Eoo= Vo — 5 L 2 4w + whvy
Wy 2we

\ij — ¢f le(Qﬁ )ZUQ(QQ)

v1v9,00| — v10 90
[Surm00l” = |Sur0l”|Susl”

vr U2

P(Ey) =Y a1 9" —ai—ay o

U1! UQ!
v1,02

X O(Epn — Vo + apwr + asws — viwy — vaws)

where a; = £5/2 = k7/(2w7) (7 = 1,2).

" Convolution” of two Poisson intensity distributions!
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A.4) The frequency-modified harmonic oscil-
lator

Non-totally symmetric modes : Wi _

0Q

Next order in expansion: Vi(Q) = V;(0) 4+ 2Q* + £Q*

New frequency : wr =@ = \/w(w + )
New dimensionless normal coordinate:

Q=y/2e ==

s = _w @ ety 2 — 0 02
Hyp = 2(‘9@2—'— 9 Q"= 2902 QQ

One can find the Franck-Condon factors as follows:

1S0.2041]* =0
1505 |2 _ 2Vwd (@—w)QU (20=1)!!
4U T

w—+w wW+w 2U!

5 2 0.94, [Sp2]? ~ 0.05, |Sg2|* & 0.004

3

Only weak vibrational excitation !



